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Abstract 

We consider Alday-Gaiotto-Tachikawa (AGT) realization of the Nekrasov partition 
function of N = 2 SCFT. We focus our attention on the SU(2) theory with Nf = 4 
flavor symmetry, whose partition function, according to AGT, is given by the Liouville 
four-point function on the sphere. The gauge theory with Nf = 4 is known to exhibit 
SO(8) symmetry. We explain how the Weyl symmetry transformations of SO(8) flavor 
symmetry are realized in the Liouville theory picture. This is associated to functional 
properties of the Liouville four-point function that are a priori unexpected. In turn, this 
can be thought of as a non-trivial consistency check of AGT conjecture. We also make 
some comments on elementary surface operators and WZW theory. 



1 Introduction 



1.1 M = 2 theories 

In PQ, Gaiotto constructed a large family of SU(iV c ) Af = 2 superconformal (quiver) gauge the- 
ories by compactifying the (2,0) six- dimensional theory of the type Ajv c -i on a two-dimensional 
Riemann surface. This Riemann surface, which we denote by C 9 „, is characterized by its genus 
g and the weights of its n punctures, and in this way one gets a different M = 2 theory for each 
pair (g,n); we denote such gauge theory by T g , n . 

Particular examples of the M = 2 theories that can be constructed with this method are 
the M = 4 super Yang-Mills theory and the so-called M = 2* theory, which correspond to 
compactifying the six-dimensional theory on C 10 and on respectively. Another simple 
example is the compactification of the six- dimensional theory on a 4-punctured sphere Co^; in 
such case one obtains the M = 2 gauge theory with Nf = 4 flavor symmetry, whose four mass 
parameters are given by the weights of the four punctures. 

In this construction, the modular parameters of C 9tn give the coupling constant qi of 
the corresponding quiver gauge theory 7^ n . In other words, the space of parameters of T g>n 
is equivalent to the moduli space of complex structures of C g ^ n . And it turns out that the 
group of duality transformations of the gauge theory coincides with the mapping class group 
of the Riemann surface C 9tn . This is a very interesting result as it permits to associate different 
ways of sewing the Riemann surface C gtTl with different coupling limits of the gauge theory T g ^ n . 
According to this picture, each way of sewing C 9tn as a set of 2g — 2 + n trinions connected by 
3g — 3 + n tubes is in correspondence with each Lagrangian description that the gauge theory 
T gt11 admits; in the limit where a given tube is thin and long, the gauge theory description 
becomes weakly coupled. 

1.2 The AGT correspondence 

In a more recent paper [2], Alday, Gaiotto, and Tachikawa (AGT) reconsidered the M = 2 
theories of pQ and studied the Nekrasov partition function [3] associated to them. They arrived 
to the following remarkable observation: In the case of those M = 2 theories whose gauge 
group corresponds to SU(2), it happens that the Nekrasov partition function on M 4 is given by 
Virasoro conformal blocks of Liouville field theory! This statement was confirmed by explicit 
computation to several orders in a power expansion and the evidence is quite convincing. 

The result of [2] seems to be revealing an intriguing connection between four-dimensional 
superconformal gauge theories and two-dimensional non-rational conformal theories. This was 
recently investigated in Refs. gflEl El El El El EH HH H21 [131 H31 HS1 , sm.d. extended in Refs. [161 
H3 IIH1 HSl 1201 12D 1221 1231 12H to the case of SU(iV c ) gauge theories, for which the correspondence 
seems to work with the Ajv c -i Toda field theory. The results of [2] also inspired very interesting 
works in the subject; see for instance the recent [22]. For early work on relations between 
M = 2 gauge theory and Liouville theory see |26j and references therein. 

The dictionary between the Nekrasov partition function of the M = 2 theory and the 
conformal blocks of Liouville theory is such that the two deformation parameters of the 
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Nekrasov partition function are given in terms of the Liouville central charge c by the relation 
c = 1 + QQ 2 , with Q = b + b^ 1 and b = E\ — l/£%. The external Liouville momenta «j in the 
n-point conformal blocks are given by mass parameters of the gauge theory (see ([2])- ([3]) below). 
On the other hand, the momenta of internal legs in the Liouville conformal blocks are given by 
the vev's ai of the adjoint scalar fields in the Af = 2 theory See [2] for details. 

Even more surprising than the relation with Liouville conformal blocks is the fact that the 
integral of the full Nekrasov partition function of a given Af = 2 theory T g n over tij turns out 
to be given by the full n-point correlation function of Liouville field theory formulated on a 
genus- g surface [2]. Schematically, 



^Nekrasov 



TT v a .(zA) . (i) 

ACT \11 4 =1 aA '7 Liouville 



While in Liouville theory the correlation functions are defined by assembling holomorphic 
and anti-holomorphic conformal blocks together and integrating over the momenta of normal- 
izable states in the intermediate channels, in the gauge theory one integrates the modulus of 
the partition function over the vev's d{ with an appropriate measure. ([1]) somehow generalizes 
the Pestun's result for the theory on S 4 with 6 = 1 [27]. 

One of the most interesting implications of the observations made in [H [2] is that the 
duality transformations in the Af = 2 theories can be associated to geometric deformations of a 
Riemann surface, in such a way that duality symmetry of the four-dimensional theory follows 
from crossing symmetry of a two-dimensional CFT [2] . It happens that trinion decomposition of 
C gtn codifies the connection between different Lagrangian descriptions of T 9tn and their weakly 
coupling regimes. Nevertheless, it turns out that not all the symmetries of a given Af = 2 
theory are necessarily associated to crossing symmetry of Liouville correlators. In fact, as 
we will discuss below, some symmetry transformations in the gauge theory turn out to be 
captured by non-trivial functional properties of Liouville theory (which are much less evident 
than crossing symmetry.) 

1.3 The theory with N f = 4 

In this paper, we will consider the case of SU(2) Af = 2 theory with Nf = 4 flavor symmetry. 
This gauge theory possesses global SO(8) symmetry. According to the dictionary of [2], the 
Nekrasov partition function of this theory is given by the 4-point function in Liouville theory 
formulated on the sphere topology. The momenta «j of the four Liouville vertex operators 
V ai (zi) turn out to be given by the mass parameters m, of the gauge theory by aj = Q/2 + rrii, 
and these parameters are related to the masses /ij of the four hypermultiplets as follows 

/ u 1 = mi + m 2 , (i 2 = mi — m 2 , (2) 
"3 = m 3 + m 4 , fJj4 = m 3 - m 4 ; (3) 



which already corresponds to a particular trinion decomposition. On the other hand, the gauge 

(22 -23) (21 -24) : 



coupling constant of the gauge theory is given by the cross-ratio q = \ Zl _ Z3 y Z2 _ Z4 \ , where Zi are 



the worldsheet locations of the Liouville vertex operators. 
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The M = 2 theory with Nf = 4 has SO (8) global symmetry. The masses /i, of the hy- 
permultiplets given in ©-Q correspond to the diagonal Cartan elements of SO (8), while m.j 
correspond to the Cartan elements of its proper subgroup SO(4)xSO(4). From the point of 
view of a given trinion decomposition, the consideration of the subgroup SO(4)xSO(4) is nat- 
ural, as one has SO(4)~SU(2)xSU(2) corresponding to each pair of hypermultiplets in each 
trinion. 

One observes from ([2])- (J3J) that changing the sign of a mass parameter like m 2 — > — m 2 cor- 
responds to exchanging the masses of the hypermultiplets like «-> /i 2 . m the Liouville theory 
picture this amounts to perform the reflection a 2 — > Q — a; 2 , which preserves the conformal 
dimension of the corresponding vertex operator. 

On the other hand, it turns out that the SL(2, Z) duality symmetry of the gauge theory 
mixes with the SO (8) triality in a funny way. The S3 automorphism of Spin(8) is generated 
by two transformations that act on the mass \i i in a non-diagonal way [28J. On of these 
transformations is 



Hi + H2 + Hz~ Ha f ■ IOQ ( A\ 

Hi -> ^ , for 1 = 1,2, 3, (4) 

^1+^2 + ^3 + ^4 / p\ 

Ha g ' ^ ' 

and we also have the transformation 

Hi Hi, fori = 1,2, 3, (6) 
Ha ~> -^4- ( 7 ) 

While (ED"© corresponds to the operation of exchanging the two spinor representation of the 
group, transformation dH)-(j3j) corresponds to the operation of exchanging the vector representa- 
tion with one of the spinor representations (physically, this corresponds to exchange elementary 
particles and monopoles in the gauge theory.) These triality transformations have a simple in- 
terpretation in terms of the Liouville picture: From (J2])-([2]) we observe that performing (JI])-(j2D 
corresponds to exchange m\ <-> — m 4 keeping m 2 and m 3 fixed. Since this amounts to exchange 
the trinion decomposition, this means that triality is in correspondence with crossing symme- 
try in the Liouville theory. Even simpler is the form that transformation ©-([7]) adopts in the 
Liouville side; it corresponds to interchange 777,3 *-* m A keeping vii\ and m 2 fixed. 

From this we see that some simple transformations of SO (8) can be interpreted in a very 
natural way in the Liouville theory picture. However, there are some special Weyl transforma- 
tions whose identification as symmetry in the Liouville theory side is much less evident, and 
this is what we want to study here. One such a symmetry transformation is given by 

(Hn Hi, Hz, Ha) ~+ (~Ha, Hi, Hz, ~Hi), ( 8 ) 
which in terms of the parameters m; reads 

m i — m 2 — m z + m A —rrii + m 2 — m z + m A 

mi -> , 777 2 -> ^ ' ^ 

-777-1 - 777 2 + 777 3 + 777 4 777i + 777 2 + 777 3 + 777 4 

7773 -> , 7774 -> . (10) 
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This symmetry is not at all evident in the Liouville theory picture. In fact, it corresponds to a 
non-diagonal transformation of the momenta «j (see (f2"9"]) - (l3"0)) below). In this paper we address 
the question about how the symmetry under (191- ffTUl) can be proven from the Liouville point 
of view. We will show this symmetry is actually realized in the Liouville theory side by non- 
trivial functional relations between different four-point correlation functions. These relations 
are a priori unexpected, and this is why this calculation is an interesting consistency check of 
the proposal in [2] . 

1.4 Overview 

The paper is organized as follows: In Section 2, we study the analytic extension of the inte- 
gral representation of Liouville correlation functions. We use this representation to prove the 
symmetry under transformations (191- ffTUl) from the Liouville point of view. In the 2D CFT 
language, this symmetry is expressed by Eq. (l3Tj) . Because we derive the symmetry relation 
( }3~Tj) by resorting exclusively to elements of Liouville field theory, we like to think of it as a nice 
consistency check of AGT conjecture. The full SO (8) is not manifest in the six-dimensional 
picture, but it emerges in the infrared. Therefore, the fact of proving the Weyl symmetry 
fl9"j)- f[TUj) in the Liouville picture is quite interesting. In Section 3, we rederive (I3T|) in an alter- 
native (less direct) way. The strategy goes as follows: First we consider a five-point function in 
Liouville theory, which is meant to describe surface operator in the M = 2 gauge theory. Then, 
we write this Liouville five-point function as a four-point function in the Wess-Zumino-Witten 
theory (WZW) with affine A% symmetry. Using functional relations between different solutions 
to the Knizhnik-Zamolodchikov equation and performing Hamiltonian reduction from WZW 
to Liouville we reobtain the right symmetry relation with the appropriate coefficient. We also 
make some comments on how to describe the surface operator of the M = 2 theory in terms of 
the A± WZW theory. 



2 Liouville theory and Weyl symmetry 

2.1 Integral representation of correlation functions 

Liouville theory is defined by the action [291 SB EQ] 

Sl[<p] = ^j d2z (fyfy + ^pf R{p + ^^ biP ) (11) 

where fi is a positive constant. The background charge Q takes the value Q = b + b~ x for 
the Liouville self-potential fie^ bip to be a marginal operator. The theory is globally defined 
after one specifies the boundary conditions. For the theory on the sphere, one imposes the 
asymptotic behavior (p ~ —2^/2Q log \z\ for large \z\. In the conformal gauge, the linear dilaton 
term QR(p is understood as receiving a contribution from the point at infinity due to the scalar 
curvature R of the sphere. 
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Under holomorphic transformations z — > w Liouville field ip transforms like tp — > (p — 
V^Qlog |^|. The central charge receives a contribution from the background charge, and it is 

c = 1 + 6Q 2 . 

Here we are interested in the exponential vertex operators of the theory [32] 

V a (z) = e ^W. (12) 

These are local operators that create primary states of conformal dimension A a = a(Q — a) . 
Notice that A a remains invariant under a — ► a* = Q — a, which means that vertices V a (z) = 
e V2o«p(z) an( j V a *(z) = e^CQ-aOvO) have the same conformal dimension. 

Correlation functions in Liouville field theory are defined by the expectation value of a 
product of vertex operators (fl2"|) . namely 



/i t 
Vip e-^MJT, 
i=i 

Integrating over the zero mode of the field, one finds the following expression [33l 131] 

r( 5) f s 

fi {n) («i, ...a n \zi, ...z n ) = — - — fi s J Y\d 2 w r fi (n+s) («i, ...a n ,b, ...b\zi, ...z n ,w 1: ...w s )| M=0 , (13) 



r=l 



where s = —b~ 1 (ai + a 2 + ...a n ) + l+b~ 2 , and where the average on the right hand side is defined 
in terms of the free theory \x = 0. The factor r(— s) in (TTBl arises from the integration over the 
zero-mode of ip [33, 35], and this also gives a ^-function that completely determines the amount 
of screening operators Vb(w) that appear in the non- vanishing correlators. In deriving ({TBI , the 
Gauss-Bonnet theorem is used to determine the relation between s, b, and the momenta oti. 
For a genus-g n-puncture Riemann surface the relation is 

n 

bs = Q(l-g)-J2<*i- ( 14 ) 
i=i 

Then, (1131) permits to compute correlators by performing the Wick contraction of the n + s 
operators and using the free field propagator (ip(zi)<p(z 2 )) = —2 log \z\ — z 2 \. This yields 

fi (n) («i, ...a n \zx, ...z n ) = r(-s)T(s + 1)&~V X^ n) (ai,a 2 , ...a n \zx,z 2 , ...z n ), (15) 

with 

1 n r s n s s 

-4b 2 



w t —w r \ 



Z^\a 1 ,a 2 ,...a n \z ll z 2 ,...z n ) = -J]|^- % |- 4 ^ / d 2 Wr J] J} \ Zi -w r \-^ fj 

(16) 

where each integral is over the whole complex plane C. 
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Expression (TTB"j) has to be considered just formally. This is because, in general, the amount 
of screening operators s is not an integer number. Therefore, in order to compute generic 
correlation functions one has to deal first with the problem of making sense of the integral 
representation ffT5l) . In the case of n-point functions with n < 3 and s G Z >0 , multiple integral 
ffTB"]) can be solved using the results of Refs. j36|,|37]. Generic Liouville correlation functions are 
thus defined by analytic extension. This analytic extension is accomplished by continuing the 
multiple integral ffTBT) to non-integer (and non-real) values of s. The extension to non-integer s 
was discussed in the literature, and it plays a crucial role in our discussion. To see how it works, 
let us consider the calculation of the Liouville partition function on the sphere as an illustrative 
example: This corresponds to g = and n = 0. The number of screening operators in this case 
is m = s — 3 = —2 + b 2 , and this is because, in order to compute the genus- zero zero-point 
function, one has to consider the correlator with three local operators e^vi*) inserted at fixed 
points Z\ = 0, Z2 = 1, and z% = oo; this amounts to compensate the volume of the conformal 
Killing group. In turn, genus-zero Liouville partition function is given by 

Q (o) = ^»+3&-ir(-m - 3)r(m + 1) l£\b,b,b\0,l,oc), 

with m = —2 + b~ 2 . If m was a positive integer number (what happens only if b 2 G Z,>2) 
this integral could be solved by using the Dotsenko-Fateev integral formulas of [36]. However, 
here we are interested in the case where m is generic enough. The way one circumvents this 
obstruction is assuming the condition m G Z >0 through the integration and then analytically 
extending the final expression. More precisely, one integrates Z m (b, b, b\0, 1, oo) and obtains 

3+m 171 rn—1 

= ^_r(-m-3)r(m+l)7r m 7 m (l+6 2 ) JJ 7 (-r6 2 ) J] 7 2 (l-(2+r)6 2 ) 7 (-l+(3+r+m)6 2 ). 

r=l r=0 

where 7 (x) = T(x)/T(l — x), which, again, is an expression that seems to make sense only if 
m G Z >0 . Then, one extends the result to the whole range b 2 G M>i by rewriting the products 
in the expression above appropriately. This is done by noticing that 7 (— 1 + (3 + r + m)b 2 ) = 
7 ((r + 1)6 2 ), and using that m = —2 + b~ 2 and 1 — rb 2 = (m + 2 — r)b 2 . Rearranging the product 
of 7 -functions and using properties of the T-function, one finally finds 

(0) _ (1 - b 2 ) (n^(b 2 )f /b 

7r 3 g 7 (6 2 ) 7 (6- 2 ) ' 1 ' 

which is the exact result for the Liouville partition function on the sphere. 

The two-point correlation functions can be computed in a similar way, analytically contin- 
uing the integral formula for 2}_i_ 2 (a, a, 6|0, 1, oo). The result reads 

nW(a,o|0, 1) = (^)) {Q - 2 ' ) "' 7(2Q " = = b ~'\ «< 2 W|0,1) = 1. (18) 

Up to a factor (Q — 2a) /n, the two-point function il^(a, a\0, 1) coincides with the Liouville 
reflection coefficient, which yields the functional relation 

Q {n \a 1 ,...a n \z 1 ,...z n ) = * (2) (a n , a n \0, 1) fi (n) («i, a„_i, a* n \z h ...z n ) (19) 

Q - 2a n 
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As zero-point and two-point functions, the three-point function can also be computed by 
performing the appropriate analytic extension of the product of T-functions in the Dotsenko- 
Fateev integral formula. To do this properly, one has first to be reminded of the fact that 
Liouville theory exhibits self-duality under b <->• h~ x and that this self-duality is associated to 
the existence of a second screening operator Vi/ b (w) = e ^ b ^ in the theory. Taking this 
into account, one has enough information to reconstruct the full pole structure of the exact 
three-point function and then analytically extend integral (1161) . This amounts to introduce the 
T-function [38J 

, „, s f dtffQ V , sinh 2 ((f -x) f)\ , . 

which presents poles at x — mb + nb" 1 and x = — (m + 1)6— (n+ with m,n G Z >0 , which 
manifestly shows the symmetry of the pole structure under b <-> b^ 1 . This function obeys the 
self-dual properties 

T b (x) = T 1/b (x), T b {x) = T b (Q - x), (21) 

and the shift properties 

T b (x + b) = 6 1 - 2te 7 (6a;)T fc (x), T b (x + ir 1 ) = b- 1+2x / b j(x/b)T b (x). (22) 

In particular, if we define the function P{m) = YlT=i l( r b 2 ) f° r m ^ ^>o, an d -P(O) = 1, the 
shift properties imply that 

P(m) = ^^t^ ^"^ 1 ^"^ m e Z >o- ( 23 ) 

This admits the following extension to negative values of m 

P{m)=b -<rn + i) 7(~m) me Z <0 ; (24) 

7(— mb z ) 

see [39] and references therein. 

Then, writing the products of T-functions that arise in the Dotsenko-Fateev integral formula 
for n = 3 in terms of T-functions using (|23|) . one finally obtains the exact three-point function 
HQl [381 SU S2]; namely 

^)(a 1 , a2 ,a,|0,l,oo) = (^P^nTT^i ' (25) 

V / T b (a - Q) ^ T b (a - 2a;) 

where a = a\ + + a^. 

The computation of (1171) . ( fl8l) and ( 1251) shows that the method of analytically continuing 
the integral representation of correlation functions works and it is a powerful tool. We will use 
this method to derive fl3T|) below. 
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2.2 Four-point function and Weyl symmetry 

In this paper, and because we are interested in the AGT description of the M = 2 gauge theory 
with Nf = 4, we are interested in the Liouville four-point function. Four-point function is sub- 
stantially more complicated than the cases n = 0,2, 3. In that case, the integral representation 
takes the form 

fi (4) («i, a 2 , a 3 , a 4 |0, 1, oo, q) = T(-s)T(s + 1)5~V S J s (4) («i, a 2 , a 3 , a A \q), (26) 
with s = — + a 2 + a 3 + a 4 — Q) and 



4k*4 x 



X i f ) (ai,a 2 ,a 3 ,a i \q) = / jj d 2 w r jj \w r \~ ibai |1 - w r \~ 4ba2 \w r - q 

\ j j r= i r= i 

s 

Y[\ Wt - Wr \-^\ (27) 

r<t 

with Z\ = 0, z 2 = 1, z 3 = oo, and 2 4 = g. It was shown in [43] that, if 2a 4 /6 = —m G Z<o, then 
the integral (l2"Tj) satisfies the following remarkable property 

s—m 

Zj 4) (ai,a 2 ,a 3 ,a 4 |g) = | g | 4 ( 5 i 5 ™"4)|l - qi*®™- * *) (-^(1 + yy-m "Q 7 ( 2 &a 4 - r& 2 



#\ x 



r=l 



-m— 1 3 



r=0 8=1 



with 



«i = 2+ 5 , « 2 = - , (29) 

_ Q at + a 2 — a 3 — a 4 _ Q «i + en 2 + a 3 + a 4 . 

«3 = y £ , «4 = -y + ^ • (30) 

The proof of (1281) . for m G Z>o, follows from iterating recursion relations forXs (pt\, ...a n \zi r ..z n 
see |Hl S3] for details. 

Expressions ff29|) - (f30|) anticipate the point we want to make here: Since the mass of the 
hypermultiplets in the gauge theory \i { are given by a, = ^ + m ; , provided with (J3J-([5]), then 
equation (I28p seems to incarnate some kind of invariance under (l9^)- (fIU]) that Liouville four- 
point function exhibits. To make it precise, what we have to do first is to analytically continue 
the integral relation (T28]) to complex values of a 4 , and then give one such a relation for the 
exact four-point function. The analytic continuation is accomplished by following a recipe: 
First, we may use expression ( 1231 ; then, we have to remember that a product Hr=i F ( r ) can ^ e 
extended to the range m G Z<o by replacing it by the expression by nr=o _1 ^ l {~ r )^ which, 
in particular, amounts to give the formula (124")) for P{m) with m G Z <0 . This, together with 
the convenient use of properties of T-functions, leads us to the following remarkable equation 

I |45 1 5 4 , 1 _ ,45 2 5 4 ^ (4) (5i, 5 2 ,5 3 ,5 4 |0, l,oo,g) = l4aia4|1 (4aaa4 ^ (4) (ai,a 2 ,a 3 ,a 4 |0,l,oo,g) 

m ' qi /(5i)/(5 2 )/(5 3 )/(51) m 1 qi /(ai)/(a 2 )/(a 3 )/K) 

(31) 
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with 

/(a,) = (n^(b 2 )b 2 - 2b2 j T b (2a t ). 

Notice that Tb(2ai) = T&(2a;*). To prove (I31"j) we also used the functional properties of 
the T-function (12~T1) - (I2"2"I) and the fact that its derivative obeys T' b (— mb) = (— l) m T(m + 
1)T(— m)& -1 T&(— mb). It is important to distinguish between identity (T2S1) and (J3TJ) . (T5TT) 
is meant to hold between exact four-point functions, and, unlike (I28p . is manifestly symmetric 
under 5j <-> a, . fl3T|) is a remarkable equation: Since the mass parameters in the M = 2 
gauge theory are given by aj = y + m^, from fl29|) - fl30l) and (T3TT) we see how the symmetry 
under transformation fl9|)- f|T0|) is realized in the Liouville theory picture (cf. Eqs. (4.1)-(4.3) of 
Ref. [2]). Indeed, defining 

X(ax,a 2 ,a 3 ,a A \q) = |g| 4aiQ4 |l - g| 4 ° 2Q4 (vr/^ 2 )^ 2 ) " x 

4 

}^[T f ; 1 (2«j) fi {4) (ai,a 2 ,a3,a4|0,l,oo,g). (32) 
i=i 

we have 

X(oti, «2, «3, cK4|g) = X(5i, 5 2 , 5 3 , 5 4 |g). (33) 

Identity (I3TT) was a priori unexpected, and the fact this codifies precisely the symmetry 
under (!9l- (JTDl) in the Af = 2 gauge theory side is interesting as it permits to understand 
the SO (8) symmetry of the theory from the Liouville theory point of view (and not only the 
SO (4) x SO (4) proper subgroup.) 

Now, let us make some comments on surface operators in the gauge theory. We will come 
back to Eq. fl3T|) later. 



3 Surface operator and WZW theory 
3.1 Surface operators from WZW correlators 

It was argued in [451 HH] that the expectation value of loop and surface operators in the gauge 
theory can also be described in terms of Liouville correlation functions. While loop operators 
are described by a monodromy operation performed on a degenerate field V_i/2& = e'^^^ 2 ^, 
the expectation values of elementary surface operators are given in terms of the correlation 
function 

Q^ n+1 \a 1 ,...a n ,-l/(2b)\z 1 ,...z n ,x) = (TT" V ai {zi) V_ ± {x)) 

\J-J- l= i 2b /Liouville 

on a {n + l)-puncture genus-g Riemann surface, which also involves a degenerate field VL1/2& 
that is inserted at the point x, and x is related to the parameters that label the corresponding 
gauge theory configuration. 

These surface operators correspond to 1/2 BPS configurations in the M = 2 theory. The 
analogue in the M = 4 theory is a singular vortex solution, which is labeled by two real 
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parameters that correspond to its magnetic flux and a #-angle type parameter. Typically, 
there are always two real parameters that correspond to physical quantities and label the 
corresponding vortex-like configuration in the gauge theory, and in the Liouville picture these 
two real parameters combine to give the complex worldsheet coordinate x where the degenerate 
operator V-x/2b( x ) = e~ v( - x ^^ b ^ is inserted. Surface operators correspond to configurations 
that are localized on the two-dimensional Riemann surface C 9>n ; this is discussed in detail in 

nana 113. 

The degenerate state created by the non-normalizable vertex operator V-x/2b is annihilated 
by the arrange of Virasoro operators 

(L 2 _ 1 + b 2 L^)V_ lb =0. (34) 

This expresses the fact that a null state exists in the Verma modulo and it has to be decoupled. 
Actually, (1341) can be thought of as a realization of the second order equation of motion 

(d 2 z + T{z)) e-^ 2 = (35) 



at quantum mechanical level. Decoupling equation (134]) has to be understood as an operator- 
valued relation which, when implemented on correlation functions, yields a second order differ- 
ential equations of the Belavin-Polyakov-Zamolodchikov (BPZ) type [48j to be obeyed by those 
correlators that involve a degenerate field with a n+ \ = -1/26. 

On the other hand, one knows from [49J that given a solution il^(ax, ...a 4 , — 1/26|0, 1, 00, z, x) 
to the five-point BPZ differential equation one can associate to it a solution K(ji, ...j 4 |g, a;) to 
the four-point Knizhnik-Zamolodchikov (KZ) differential equation [50J with affine symmetry 
Ai at level k = b~ 2 + 2. The exact relation is given by 

K(j 1 ,...j A \q,x)=X |x|2ai/b|x _ ^2a,/b\ x _ q \2 ai /b W 5 \ ai , ...a 4 , -1/26|0, 1, 00, q, x) (36) 
where 

b b 
«i = (h + h + h + J4 + 1), a 2 = -- (-ji + 32 - k + k ~ h ~ 2 - 1 ), (37) 

b b 
«3 = - g (-Ji - k + k + k - b~ 2 - 1), a 4 = - k ~ k + U ~ ^ ~ 1), (38) 

and where M is a normalization factor that does not depend on (x,q), and where a 5 = —1/(26), 
6-2 = k- 2, z x = 0, z 2 = 1, z 3 = 00, and z 4 = q. Notice that (I37jl - (l5g|l resembles (EHD-dSnD and 
(15|)- (ITU|) ; we will make this more precise; see (jUJ) below. 
If the normalization M is taken to be [51] 



i=i 



then the left hand side of (!36l) can be interpreted as the four-point correlation function of the 
level-k Ax WZ W theory; namely 
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K{j x , -k, \q,x) = (TT , ®ji( x i\ z i)) , ( 4 °) 

\ J - J -«=l / wzw 

up to an irrelevant 6-dependent factor. 

It is worth mentioning that an expression similar to ( 1361) holds at the level of conformal 
blocks [51], and not only for the full correlation function. Although ( 1361) is usually interpreted 
as a relation between Liouville theory and sl(2)k WZW theory, it is pertinent to emphasize 
that the su(2)k WZW appears by analytic extending the expressions reversing the sign of k; 
see |39j and references therein. 

Vertex operators $>j(x\z) in (140]) represent states of the WZW theory. These are given by 
Kac-Moody primary states with respect to the affine A\ symmetry. These vertices expand 
SL(2, M)-representations of spin j%i and depend on auxiliary complex variables Xi which allow 
to organize the representations by means of the following realization 

raf ^ r I \ V%&j{x\w) 

(z — w) 

with differential operators 

£>+ = x 2 d x - 2jx, V- = d x , V z x = xd x - j, 

where, as usual, the notation a = +, — , 3 refers to the indices of the currents J ± {z) = J 1 (z) ± 
iJ 2 (z) and J 3 {z), which generate the affine sl(2)k algebra. 

According to fl36l) - P0l) . the expectation value of elementary surface operators in the Af = 2 
SCFT with Nf = 4 is given by a WZW four-point function. In some sense, the presence 
of a theory with affine A\ symmetry seems to be natural from the M = 2 theory point of 
view. In fact, one expects the Riemann surface to have SU(2) structure at the punctures. This 
suggests that trying to see AGT correspondence from the WZW perspective could be useful to 
understand the connection between 4D and 2D theories in more detail. We will comment on 
the WZW model at the end of this section and we will suggest that it could play an important 
role in this story. 



3.2 Alternative derivation of (1311) 

What we would like to discuss now is another consequence of relation (13T1) . We will see how 
(|3ip . together with (13T)|) . enable to find a nice relation between correlation functions of Liouville 
theory and of WZW theory. To see this, first consider the special operator product expansion 

V ai {Zi)V-i/2b{x) = C_ \X - Zi\ 2i - V^i/2b+aX Z i) + C + \ X ~ Z i \^ + V-l/2b-a t (Zi) , (41) 

with 

n t /L2Nx6-2 7(2a^ _1 - 1-6 -2 ) n , 
C+ = (?r/i7(6 )} 6* 7 (2«<6-i) ' °- = h 
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where £ ± = (A a .±i/ 2b — Ai/ 2 b — A a J. OPE (jUJ) is an important piece of information about 
the structure of Liouville theory [51] H2] : It permits to write the coincidence limit of the Liou- 
ville five-point function Q^(ai, a 2 , 0:3, —1/(26) |0, 1, oo, q, x) in terms of only two (i.e. not 
infinite) four-point contributions \x — q\ 2 ^ Q^^ai, a 2 , 0:3, —1/(26) ia^O, 1, oo, q). And here is 
where equation fl3TT) comes to play an important role: Using the fact that fi,^'(ai, a 2 , a^, a^O, 1, oo, 
and f^ 4 )(5i, a 2 , 5 3 , 5 4 |0, 1, oo, q) are connected in such a direct way, one rapidly finds the re- 
markable relation 

K( Jl ,...j 4 \q,x) ~ IT* ^—^ ^(-6^,-6^ -6j 3 ,-6j4l0,l,oo,g), (42) 

which, in contrast to fl36l) . connects Liouville four-point correlation functions to WZW four- 
point correlation functions. Symbol ~ stands here because a regularization is needed due to 
a singular factor \x — q\ that blows up in the limit x — ► q. Subleading contribution 

vanish in the limit, provided the Seiberg bound > Q/2 is obeyed [2S]. Notice that factors 
7(1 + b 2 (2ji + 1)) in (|42|) can be absorbed in the normalization of WZW vertices, in such a way 
that (j4"2"|) induces a natural one-to-one identification between fields $j(Zi) <-> V-bj{zi) of both 
theories, cf. (|36|) . The fact that (14121 takes such a simple factorized form is due to remarkable 
cancellations that occur through the calculation. 

Expression (I42p provides us with a nice realization of the so-called Drinfeld-Sokolov Hamil- 
tonian reduction WZW — > Liouville at the level of the four-point correlation functions. From 
the gauge theory point of view, and according to the interpretation of the degenerate field V-i/ 2 b 
of Liouville theory as representing the surface operator of the gauge theory [45l H6] , expression 
( T42|) means that the limit x — > q of the expectation value of a surface operator in the M = 2 
theory is indeed described by a WZW correlation function. Understanding the physical picture 
behind this fact requires further investigation. In particular, understanding the relation of (|42|) 
within the context of the Langlands correspondence [52] is matter of further work. 

Another interesting aspect about (142]) is that, even though here we used ( 13T|) to give a 
concise proof of it, it is believed to hold independently as it follows from the Hamiltonian 
reduction realized at the level of correlation functions; see for instance [53J. This means that, 
without risk of circular arguments, we can consider (I42p as the starting point and then use it to 
prove identity fl3Tl) . reversing the story. In fact, once one assumes (|42l . Eq. fl3Tl) simply follows 
from functional relations between different solutions of the KZ equation that were proven in 
Refs. [SUES]. It is easy to see that some of the relations discussed inj54"] .^together with \Veyl 
symmetry, lead to identify solutions K(ji, ...jilq, x) with solutions K(Jx, ■■■j±\q, x), where ji are 
related to ji through (l2ll - fl3TI|) recalling ji = —cti/b. Nevertheless, the way we proved equation 
fl3T|) in Section 2 is more direct and, consequently, is the one we prefer. 

3.3 More comments on WZW theory 

Before concluding, and since we are already talking about the relation between Liouville and 
WZW theories, let us make some comments on another connection that exists between these 
two conformal theories, and which probably may have important implications for AGT. 
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It was shown in [5*51 [5"7] that n-point sl{2)k WZW correlation functions on the sphere are 
equivalent to (2n — 2)-point correlation functions in Liouville theory, where n — 2 states in the 
Liouville correlators are degenerate fields VI1/2&. In [58] the result of [57] was generalized to 
genus-g correlation functions. According to the results of [58], any n-point function in WZW 
theory on a genus-g surface is equivalent to a (2n + 2g — 2)-point function in Liouville theory 
which involves n + 2g — 2 degenerate fields. This means that Liouville correlation function on a 
surface C 9tn with one additional field V_i/ 2 b for each trinion that appears in a given way of sewing 
the surface, is actually equivalent to a n-point WZW correlator. Whether this observation has 
some deep meaning from the gauge theory point of view is an open question. 

The correspondence between Liouville and WZW theories found in [56l [57] was further 
extended in [5H] to the case of SL(2, M) primary states of spectral flowed sectors; this yields 
a correspondence between n-point WZW correlators and m-point Liouville correlators, where 
n — m is the total amount of spectral flow units in the WZW observable. A similar relation 
was proposed between correlators of Liouville theory that involve higher-level degenerate fields 
V-m/2b and correlators in a yet-to-be explored family of non-rational conformal field theories 
with central charges given by ci m ) = 3 + 6(6 + & _1 (l — m)) 2 , [60]. This could lead to describe 
higher- mono dromy loop operators of the M = 2 theories in terms of such new family of CFTs. 
Furthermore, it is a common belief that a generalization of the WZW-Liouville correspondence 
exists between the sl(N)k WZW theory and higher-rank Toda field theory (see [61] for recent 
attempts in this direction). Speculatively, this could lead to a description of SU(iV c ) Af = 2 
theories in terms of the WZW with affine symmetry Ajv c -i- The results of [56] [571 158] permit 
to describe observables in the M = 2 gauge theories in terms of WZW correlators. However, 
the physical meaning of this still remains elusive. Likely, this picture will eventually permit to 
extend AGT correspondence and establish a more general connection between gauge theories 
and two-dimensional conformal theories. In [58] the connection between the Liouville-WZW 
correspondence and the Langlands correspondence was pointed out; see also [62]. Investigating 
this from the gauge theory perspective [S3] is an interesting project for future investigations. 
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